Abstract-Distributed multiple-input multiple-output (D-MIMO) is a promising technique for next-generation wireless networks, which offers a remarkable spectral efficiency gain over the conventional colocated MIMO (C-MIMO). In contrast to C-MIMO, which can be regarded as a special case of D-MIMO, performance analysis of D-MIMO is a challenging problem. This is because radio channels between a user and the distributed radio ports (RPs) are characterized by nonidentical path-loss and shadowing effects that render the classical analytical methods nontractable. In this paper, new accurate expressions for the uplink spectral efficiency of D-MIMO and C-MIMO systems are presented and compared for given large-scale coefficients. We further consider the uplink spectral efficiency for a single-cell distributed large-scale MIMO (D-LMIMO) system with linear zero-forcing (ZF) receivers that account for path loss along with shadow fading and multipath fading effects. Exact expressions for the average spectral efficiency over shadow fading in the asymptotically very large number of RPs antenna regime is explicitly derived, and a tight closed-form lower bound on the asymptotic spectral efficiency is presented. We demonstrate that, the transmit power of each user in D-LMIMO can be scaled down proportionally to the inverse of the number of RP antennas with no performance reduction. Moreover, we study the spectral efficiency of a D-MIMO in a multicell environment taking into account accurate cochannel interference (CCI) models. These expressions provide meaningful insights into the impact of signal-to-noise ratio (SNR), RPs and user positions, number of RPs antennas, shadow fading, and out-of-cell interference on the spectral efficiency of D-MIMO over practical scenarios. Finally, numerical results are validated by simulation to confirm our analysis.
I. INTRODUCTION
M ULTIPLE-INPUT multiple-output (MIMO) technology, which relies on multiple antennas to transmit multiple data streams simultaneously in wireless systems, can offer much higher data rates to a large number of users compared with single-input-single-output (SISO) systems with no need to increase the transmit power or bandwidth. In recent years, the performance of MIMO technology has significantly attracted research interest [1] - [8] .
The distributed antenna system (DAS) has been originally implemented to cover dead spots in indoor wireless communications and then used to maximize cell coverage in cellular networks [9] - [12] . This setting has recently gained a great deal of interest as a promising potential to satisfy fast-growing demands for next generation wireless systems because of its power savings and capacity merit over conventional co-located antenna system (CAS) [13] - [18] . In DAS, radio ports (RPs) are geographically distributed over a cell to reduce access distance along with the transmit power which results in mitigating the cochannel interference (CCI) [19] - [22] . Each radio port is connected to a central processing unit (PU) by fiber or exclusive wireless link.
Combining the conventional point-to-point MIMO technology with the basic principle of DAS introduced the so-called distributed MIMO (D-MIMO) system which takes the advantages of both spatial multiplexing and macrodiversity [23] - [25] . However, as a result of different propagation paths of a user to different distributed antennas, each path subjects to independent and different degree of large-scale fading effects (i.e., path loss along with shadowing fading). This makes the theoretical performance analysis over D-MIMO channel more complicated. As such, only a few analytical studies (e.g., [26] - [29] ) have investigated the performance of D-MIMO systems with an optimal nonlinear receivers over a composite fading channel that includes both small and large-scale fading.
In [26] , an accurate approximation of the outage capacity and upper bound on the achievable capacity were determined for the D-MIMO system in a composite fading channel. Employing the high signal-to-noise ratio (SNR) approximation, the downlink ergodic capacity of D-MIMO channel including path loss, shadow fading, and multipath fading has been extensively investigated in [27] . For the uplink scenario, Wang et al. [28] presented and compared the spectral efficiency for the D-MIMO system and colocated MIMO (C-MIMO) system over a composite fading channel at high SNR, whereas Li et al. [29] approximated the composite Gamma-Gamma distribution for a composite fading channel by a Gamma distribution, accordingly they proposed an approximate upper bound on the spectral efficiency of the D-MIMO system.
In this context, we mainly focus on the D-MIMO system with linear zero-forcing (ZF) receivers. ZF receivers induce low complexity and implementation cost compared to nonpractical receivers which were considered in [26] - [29] . In a recent 0018-9545 © 2016 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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publication [30] , the performance of distributed large-scale MIMO (D-LMIMO) systems with ZF over only small-scale fading (i.e., path loss and shadowing were ignored) was reported, wherein the authors studied the uplink of a distributed largescale MIMO system with a large number of single-antenna RPs relative to the number of single-antenna users. To the best of our knowledge, most studies published regarding MIMO systems with ZF were only over multipath fading (e.g., [31] ). Only studies dealing with the performance analysis of ZF over a composite MIMO channel models were conducted in [32] - [35] . In [32] , the spectral efficiency of the C-MIMO system with ZF receivers was examined over Rayleigh/lognormal (RLN) fading channel. The analysis was limited to the C-MIMO system and the final result is not amenable to further manipulation. In [33] , the authors presented an approximation to compute the downlink spectral efficiency as a function of user location for D-MIMO with ZF beamforming under high SNR conditions. Shadowing effects and large-scale MIMO were not considered in [33] , whereas in [34] and [35] , the performance of ZF receivers in D-MIMO systems, in which wireless links were assumed between RPs and PU, which acts as a base station (BS), making these models theoretically quite similar to colocated multiuser MIMO (MU-MIMO) systems, was investigated. Based on a set of empirical data, in [34] , the log-normal shadowing model was approximated by the analytically friendlier Gamma model, and the performance of the D-LMIMO system was not considered. In [35] , closed-form upper and lower bounds on the spectral efficiency were derived over a classical RLN fading model and used to provide the spectral efficiency of the D-LMIMO system. This paper presents a new exact analysis of the uplink spectral efficiency of a single user equipped with N t transmit antennas in a single-cell D-LMIMO system operating over a composite fading channel in the presence of ZF linear receivers at PU, which can be regarded as BS. This system also consists of a number of RPs connected with PU via optical fibers, each of them equipped with N r receive antennas. We further shed the light on the effect of CCI on the spectral efficiency of the system. In particular, the contributions of the paper can be summarized as follows.
1) It is known that there are difficulties in analyzing the spectral efficiency of the D-MIMO system with ZF receivers, whereby the overall SNR involves a sum of nonidentical Wishart matrices instead of just one in C-MIMO systems with ZF receivers, making the performance analysis of this model more challenging. Using the mathematical results in [36] , the sum of nonidentical Wishart matrices is well approximated by a single Wishart matrix and an accurate approximation of probability density function (pdf) of the instantaneous SNR at the output of the ZF receiver [37] in the D-MIMO system is obtained. The new approximation is more accurate than the approximation in [31, eq. (12) ]. 2) Based on the above, an accurate analytical expression for the average spectral efficiency over small-scale fading in the D-MIMO system with ZF receivers is analytically derived. This expression of the spectral efficiency can be easily simplified to a finite summation using the numerical quadrature methods for common distributions. Theoretical comparisons between the C-MIMO system and a specific setting of the D-MIMO system are also provided for a finite number of receive antennas, which reveal the performance improvement of spectral efficiency of the D-MIMO system over the C-MIMO system. Moreover, with the aid of the expressions obtained, numerical results for a specific setting of the D-MIMO system reveals the optimum sites of RPs, which result in maximizing the spectral efficiency. It is also shown when N r > N t , the analytical results accurately match the simulation results. 3) Through averaging the spectral efficiency over shadow fading in the asymptotically large number of RPs antennas regime (i.e., D-LMIMO system), we explicitly derive an exact analytical expression for the spectral efficiency, enabling to highlight into the effects of model parameters such as shadowing on the performance of the system. It is shown that, the transmit power of each user can be reduced proportionally to 1/N r while maintaining the same performance. Furthermore, we propose an exact closedform lower bound on the asymptotic spectral efficiency for N r → ∞. 4) In addition, we derive an approximate closed-form analytical expression for the spectral efficiency as a function of large-scale parameters in the presence of the interference from other cells. This expression enables us to study the effect of out-of-cell interference on the system performance. The rest of this paper is organized as follows. In Section II, the D-MIMO system model under consideration is introduced. In Section III, we present the spectral efficiency formulation of the system with ZF receivers. The spectral efficiency with a finite number of RP antennas is investigated in Section IV. In Section V, we derive a new analytical expression for the spectral efficiency along with lower bound for the system with large number of RP antennas. The spectral efficiency analysis is extended to the multicell system in Section VI, where the CCI is included. A set of numerical results is provided in Section VII. Finally, Section VIII concludes the paper.
Notation: Upper and lower case boldface denotes matrices and vectors, respectively, while [·] ij represents the (i, j)th element of the matrix and [·] i denotes the ith row of the matrix. N × N identity matrix is expressed as I N . Superscripts T , H, and † stand for transpose, conjugate transpose, and pseudoinverse, respectively, ⊗ denotes Kronecker product, and the symbol C stands for the set of complex numbers. The expectation operation is expressed via E(·). Finally, CN (0, Σ) denotes a circularly symmetric complex normal variable vector with zero mean and covariance matrix Σ.
II. SYSTEM MODEL
We consider an uplink single-cell D-MIMO system with L RPs deployed at arbitrary locations, each of which is equipped with N r receive antennas. All receive antennas of RPs are assumed to have a separate feeder to the PU, where all signal processing is achieved, through optical fibers. The system under investigation is depicted in Fig. 1 . We assume a single user with N t antennas, and N r ≥N t to enable each RP to serve all antennas simultaneously. Assuming the channel is perfectly known at the receiver and unknown at the transmitter, the available average power P is equally split between all data streams. This assumption maximizes the worst-case capacity and, therefore, can provide a lower bound on the performance of practical systems. As such, the overall uplink received signal at the PU is
where p u = P/N t is the average power transmitted by each antenna, y ∈ C LN r ×1 is the received signal vector,
is the transmitted signal vector with E(xx H ) = I N t , and n ∈ C LN r ×1 is the complex additive white Gaussian noise (AWGN) vector, such that n ∼ CN (0, I LN r ). The total channel matrix G ∈ C LN r ×N t is composed of L independent subchannel matrices for each RP, i.e.,
T , where
is a channel matrix between the user and the lth RP. It incorporates both independent small-and large-scale fading and is modeled as
where H l ∈ C N r ×N t represents the small-scale fading coefficients from the user to the lth RP that are assumed to be circularly symmetric complex Gaussian RVs with zero mean and unit variance, and β l models the path-loss attenuation and log-normal shadow fading as
where s l represents the log-normal shadow fading, i.e., 
III. ZERO-FORCING ANALYSIS
By using the ZF linear receiver at the PU that has perfect CSI of all channels between the user and RPs in the respective cell, the intracell interference is totally eliminated, and the received vector y can be separated into streams by multiplying it with pseudoinverse of G,
Then, the kth element of r is expressed as
where x k is the kth element of the vector x, p u is the average SNR. Then, the uplink instantaneous received SNR at the kth ZF output (γ k ) is equal to
where
and
where diag(.) denotes the diagonal matrix.
If the SNR at the cell boundary is taken as a reference SNR, (8) is rewritten as
Then, the uplink instantaneous spectral efficiency in bits/s/Hz is given by
Averaging (14) over H (i.e., small-scale fading), we have
where the expectation is taken over all channel realizations of H.
IV. FINITE-N r ANALYSIS
In this section, we provide an approximate closed-form expression for the average spectral efficiency of the system for given large-scale coefficients.
Theorem 1: For given large-scale coefficients, γ k in (8) can be represented as
Proof: Since G H l G l is a complex central Wishart matrix [37] with degrees of freedom N r and covariance ma- [36] . Based on a result in [37] , we have γ k given in (16) . In the case of C-MIMO channel (i.e., L = 1), G 
For convenience of analysis, we use the following lemma to exactly obtain the required average in (14) .
Lemma 2: [39, eq. (6)] For any x > 0
Theorem 3: An approximate closed-form analytical expression for the average spectral efficiency of the D-MIMO system with ZF receivers over small-scale fading is given by
where Proof: From Lemma 1, an exact analytical expression for the average spectral efficiency over small-scale fading is determined as follows:
Substituting (23) into (22), we have
(24) Applying the Gauss-Laguerre quadrature rule on (24), we conclude the proof.
Assuming
−v to account for the effects of path-loss attenuation , the average spectral efficiency in (21) becomes
The average spectral efficiency with respect to d l can be then calculated by averaging the R(d l ) in (25) over all possible user locations.
V. ASYMPTOTIC(N r → ∞) ANALYSIS
Recently, there has been increasing research interest in C-MIMO systems with a very large number of BS antennas, which promise to improve the system performance with significant power savings. As it is well known, the small-scale fading can be averaged out by deploying a very large number of antennas at BSs. Here, we elaborate on analyzing the impact of large-scale fading on the spectral efficiency of large D-MIMO systems with ZF receivers. To guarantee that the total received power at each RP does not diverge as N r → ∞, we should normalize the transmit power by the large number of RP antennas N r .
Consequently, γ k can be re-expressed as
From the law of large numbers that states that lim N r →∞
Thus, the average asymptotic spectral efficiency is given by
A. Exact Analysis
The average asymptotic spectral efficiency over s l is given by
An exact closed-form expression for the average asymptotic spectral efficiency with respect to s l is derived as follows Theorem 4: The average asymptotic spectral efficiency of the D-LMIMO system with ZF receivers over shadow fading (i.e., for given d l ) is given by
where 
Likewise, (33) can be evaluated using Gauss-Laguerre quadrature rule as follows: (34) where
N l (d l ) can be calculated as follows:
Further, the integral form in (35) can be accurately evaluated using Gauss-Hermite Quadrature rule as
(36) Finally, substituting (36) into (34) we can infer the proof. In a similar way, the average asymptotic spectral efficiency over d l can be calculated by averaging the spectral efficiency in (32) over user positions.
B. Closed-Form Lower Bound on the Asymptotic Spectral Efficiency
In the following, we derive a new explicit tight lower bound on the asymptotic spectral efficiency of the respective system to complement the previous exact analysis and extract interesting insights on the effect of the system parameters.
Theorem 5: The lower bound (R L ) on the asymptotic spectral efficiency for this system is defined as
Proof: Recalling that log 2 (1 + m i=1 α i exp(x i )) is convex in x i for α i > 0, and applying Jensen's inequality, we can lower bound R in (30) as follows:
At a specific user position, we obtain
Because ln(s l ) has zero mean, we have
On a similar basis, we can lower bound the result in (40) over user locations as
Then,
Substituting (42) into (41), we conclude the proof.
VI. MULTICELL DISTRIBUTED MULTIPLE-INPUT MULTIPLE-OUTPUT MODEL
In this section, we consider a multicell D-MIMO model with J cells sharing the same frequency band. Each cell is identical to the cell described in Section II. Then, the overall received vector at the jth PU is
is the transmitted signal of the user in the ith cell, such that E(xx H ) = I N t , and n j ∈ C LN r ×1 is the complex AWGN vector, such that n ∼ CN (0, I LN r ). With this assumption, p u represents the normalized transmit SNR. G j i ∈ C LN r ×N t is the total channel matrix between the user in the ith cell and RPs in the jth cell,
is a channel matrix between the user in the ith cell and the lth RP in the jth cell. It includes both independent small-and large-scale fading and is modeled as
where H j il ∈ C N r ×N t represents the small-scale fading coefficients from the user in the ith cell to the lth RP in the jth cell, being assumed to be circularly symmetric complex Gaussian RVs with zero mean and unit variance, and β il models the pathloss attenuation and log-normal shadow fading from the user in the ith cell to the lth RP in the jth cell.
By using the ZF linear receiver at the jth PU, the intracell interference is totally eliminated, and the received vector y j is separated into streams by multiplying it with pseudoinverse of
as follows:
(45) Then, the kth element of r is expressed as
From (46), the uplink instantaneous signal-to-interferenceplus-noise ratio γ k is defined as [8] 
Since
where y k is an exponential random variable with mean Θ I = The following lemma can be used to precisely compute the spectral efficiency of the system. 
Theorem 7: For given large-scale coefficients, an approximate closed-form analytical expression for the average spectral efficiency of the home cell j is given by
where M(β j l ) = (
and B i are the ith weight and abscissa, respectively, of the Ith order Laguerre polynomial.
Proof: From Lemma 2, we can readily derive an exact expression for the average spectral efficiency over small-scale fading as follows:
Using the distribution of y k , we have
In the same way, we can simplify the single integration in (55) to a finite summation using the Gauss-Laguerre quadrature method and conclude the proof.
VII. NUMERICAL RESULTS
In this section, we validate the accuracy of our theoretical analysis presented in Sections IV-VI and assess the performance of the spectral efficiency against different system parameters via a set of Monte Carlo simulations. We consider the D-MIMO system illustrated in Fig. 1 . Here, the circular shape of the respective cell with radius D and the polar coordinates system are adopted. Then, D l = D l ∠θ l and ρ = ρ∠θ, and the distance d l is calculated using Euler's formula as [38] 
The results presented in this section are for a special topology, assuming a cell includes 5 RPs (L = 5), distributing over the cell at the following polar coordinates:
According to this topology, one of the RPs is assumed to be at the center (0, 0) of the cell, whereas the others are uniformly deployed on a circle of radius D l =1 = 0.6D. This special topology enables us to prove the accuracy of our analysis and reveal the effects of some parameters on the system performance.
In Figs. 2-7 , the impacts of various system parameters, e.g., the transmit power of each antenna of the user, the number of RPs antennas, RPs sites, and user locations on the spectral efficiency are investigated for the case of a finite number of RPs antennas, and a comparison of spectral efficiency of the system under consideration with the spectral efficiency of the traditional C-MIMO system under the same conditions are provided as well. In addition, it is important to recall that, these results have been obtained without taking the implications of shadowing fading into account. It is clearly seen that the exact results being obtained via Monte Carlo simulations of the spectral efficiency formula in (15) with the instantaneous SNR γ k given by (11) , closely match the spectral efficiency results of the proposed analytical expression in (25) when N r > N t .
In Fig. 2 , the spectral efficiency of the D-MIMO system with ZF receivers is plotted against SNR with L = 5, and N t = 10 for different numbers of RPs antennas N r . As expected, the spectral efficiency increases by increasing the SNR. It is also seen that, having more RP receive antennas N r improve the performance of the system through increasing the receive diversity and reducing the effect of noise enhancement. In addition, Fig. 2 evaluates the accuracy of the new results compared with the exact results (i.e., simulation results) and the approximation in [31, eq. (12) ]. It should be noticed that the shape parameter in [31, eq. (12) ] with our system parameters is
Assuming all of RPs receive antennas LN r for the D-MIMO system under study are installed at the BS placed at the cell center of the C-MIMO system, a fair comparison between the D-MIMO system and the C-MIMO system is obtained. Fig. 3 compares the spectral efficiency of the C-MIMO system with N r = 100 at the BS with the spectral efficiency of the D-MIMO system with L = 5 and N r = 20. We keep N t = 10 for both systems. In Fig. 3 , we see that the spectral efficiency for the D-MIMO setting considered is larger than that of the C-MIMO system. It is also evident that, at the same performance for both systems, the D-MIMO system can save about 33.33% of the power at γ k = 5 dB and about 20% of the power at γ k = 10 dB.
In Fig. 4 , the spectral efficiency against N t is displayed with γ = 15 dB for N r = 10 and 80. Fig. 4 reveals that as the number of transmit antennas N t increases, the spectral efficiency increases as well. For N r = 10, it is readily observed that the simulation results closely match with analytical results when N t ≤ 7. However, the gap between the simulation results and analytical results increases slightly when N t > 7, which confirms the validity of what we have mentioned above.
The spectral efficiency of the system at γ = 15 dB is depicted against D l /D in Fig. 5 for various number of N r . Fig. 5 investigates the effect of RPs locations on the spectral efficiency of the D-MIMO setting considered, and illustrates the optimal radius of the circle (i.e., D l,l =1 ), which L − 1 of RPs are placed on, to maximize the spectral efficiency of the system. Also, it is noted that, the point at D l /D = 0 represents the C-MIMO system model. It is worth mentioning here that, the symmetrical configuration is adopted in this model. This implies all RPs except the central one are placed at the same distance to the center of the cell.
Figs. 6 and 7 compare the spectral efficiency of C-MIMO and D-MIMO systems with respect to different user locations. The spectral efficiency for both systems against ρ/D are depicted in Fig. 6 by averaging R(d l ) in (25) over θ. It is observed that the D-MIMO system considered yields higher spectral efficiency than the C-MIMO system when ρ varies from about 0.4D to the cell edge. In other words, the D-MIMO system offers worse spectral efficiency than the C-MIMO system up to a certain point (ρ/D ≈ 0.4) and then outperforms the C-MIMO system. In Fig. 7 , the spectral efficiency for both systems are drawn against θ via averaging the conditional R(d l ) in (25) over ρ. Here, the spectral efficiency of the C-MIMO system is not affected by the polar angle of user θ whereas the spectral efficiency of the D-MIMO system increases as θ approaches θ l . We finally notice that, being the user close to one of RPs of the D-MIMO system can strongly increase the spectral efficiency. Fig. 8 shows the spectral efficiency performance of the system against N r . The simulated results given by (15) and (31) , for the exact spectral efficiency at γ = 15/N r dB and its asymptote at γ = 15 dB, respectively, exactly coincide with the spectral efficiency results of the proposed analytical expressions in (25) and (32), respectively. As anticipated, with γ = 15/N r , the spectral efficiency approaches a constant value as N r grows large. This implies that, by using a large number of N r , we can cut the transmit power, γ, N r times and achieve the same performance of a SISO system with transmit power γ.
In Figs. 9 and 10, the effects of shadowing fading and some system parameters, e.g., RPs sites on the spectral efficiency are assessed for the case of a large number of RPs antennas N r . We can clearly see that the analytical results based on (32) are overlaid with the outputs of a Monte Carlo simulation of (31) .
The spectral efficiency is plotted in Fig. 9 against the standard deviation of the log-normal shadow fading σ for different γ values. As expected, Fig. 9 shows that the spectral efficiency almost increases linearly with σ, regardless of γ values.
Comparing the lower bound on the asymptotic spectral efficiency in (37) with the average asymptotic spectral efficiency in (31) and (32) is provided in Fig. 10 . It can be observed that the lower bound remains quite close to the exact spectral efficiency results for over the entire γ range. The spectral efficiency per cell of a multicell system with J = 4 is plotted against γ in Fig. 11 for various amounts of N r , assuming β j 1 = 0.2, β j 2 = 0.3, β j 3 = 0.4, β j 4 = 0.5, and β j 5 = 0.6 for the respective cell j, and β i1 = 0.05, β i2 = 0.1, β i3 = 0.15, β i4 = 0.2, and β i5 = 0.25 for the ith cochannel interferer cell. Fig. 11 illustrates the effect of CCI on the spectral efficiency of the system. It is easily observed that the analytical approximation results being obtained via (52) is quite accurate with respect to the exact results being generated via Monte Carlo simulations using (14) with the instantaneous SNR γ k given by (47). As anticipated with the out-of-cell interference, the spectral efficiency improves by increasing N r , whereas we cannot improve the spectral efficiency of the system by increasing the transmit power of each user because the interference power increases as well.
VIII. CONCLUSION
In this paper, we have elaborated on the spectral efficiency analysis of D-MIMO systems with ZF receivers. As an initial step, we have presented a statistical characterization of ZF receivers over a single-cell D-MIMO channels. Then, an accurate approximation for the pdf of the instantaneous SNR for the system has been performed. With fixed large-scale fading, we have derived a new precise expression for the spectral efficiency of the system as a function of model parameters, e.g., γ, user location, and number of antennas. This expression enabled us to compare the performance of the system under investigation with C-MIMO systems, and quantify the effects on the spectral efficiency as that parameters vary. In addition, we have examined the spectral efficiency in the asymptotically very large number of RPs antennas N r regime. Taking the average over shadow fading, new exact expression for the spectral efficiency has been provided, and useful insights into the impact of shadowing on the system performance have been obtained under practical environments. In parallel, a closed-form lower bound on the asymptotic spectral efficiency has also been offered, which has been quite tight over the entire γ range. We have further worked on the multicell system and the effect of CCI on the spectral efficiency.
